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1. INTRODUCTION 
The aim of this paper is to demonstrate how the nonlinearity of a dynamic system can influence 
the standard scheme of solving an observation problem. 
An example is given of a nonlinear discrete time dynamic system, given by a dissipative mapping 
with an observation problem formulated for this system. 
The observation is assumed to be corrupted by unknown but bounded noise, while the total 
system is assumed to be observable under the absence of disturbances. 
The approach to the solution of the observation problem is based on constructing an information 
set consistent with the system dynamics and the available measurements. The example indicates 
that this set is disconnected and has a fractal structure. This complicates the application of 
standard solution schemes to the observation problem. 
2. THE DESCRIPTION OF THE DYNAMIC SYSTEM 
We start by indicating the dynamic system. This is a dissipative mapping of dimensions two 
that is a superposition of three mappings. 
Let us write each of the mappings separately. 
The first mapping 
(0) _ 
xk+i - axk, 
yp:1 = loyk mod& 
(1) 
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where 0 < a < 0.5. 
The second mapping 
The third mapping 
( > 
(1) 
=*+1 
L?/k+l = !$jl . 
Taking a superposition of mappings (l)-(3), we receive 
1 
Xk+i = axle + ~l{(lovk mod2)Ll)l 
Yk+l = (l&/k mod 1) 
azk+(l/2)l((10v, mod2)zl) 
3. STATEMENT OF THE OBSERVATION PROBLEM 
Consider a discrete time system 
%k+l = f(fk), 
where fk E R” f : Rn + R”. 
In the case of our example n = 2, 
). 
(2) 
(3) 
(4) 
(5) 
What follows is the setting of an observation problem for the dynamic system (5). 
Take the equation of observation 
mk = @k) + Sk, (7) 
where mk, & E Rm and g : Rn --) Rm. 
We assume Sk to be unknown but bounded by restriction & E Q with given bound Q, and at 
the initial instant of time the system state is bounded by X0 c R”. In the case of our example, 
we take m = 1 
Q = [-O.l,O.l], X0 = 10, 11 x [O, 11, (3) 
and the equation of observation 
mk = Yk + <k. (9) 
The solution of an observation problem consists in the estimation of the “information set” con- 
sistent with measurement m* [l, Ic] = rn;, . . . , rn; for the observation problem (5),( 7). We denote 
this set by X,(k,Xs). Then 
X,(k,Xs) = {Z E Rn ) 3%~ E X0 : x(k,%~) = 3, Vi I k, g(x(i,jio)) E rn: -Q}. (10) 
Here x(k, 30) is the end of trajectory, which started k steps ago from the state ~0. 
For the construction of an information set X,(k, X0), we shall need some more definitions. 
The reachability set X(k, X) from set X E Rn for step k is the union of the ends of system 
trajectories, which started k steps ago from set X. 
X(k,X) = u x(k,?). 
9EX 
(11) 
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The set of states consistent with measurement m;- is precisely the set of states of system (5) 
that could generate the given measurement m;. 
X m; = {z E R" 1 m; - g(f) E &I. (12) 
The information set X,(k, Xc) can be constructed as follows: 
x?71(11 xO) = XfTli r-l x(17 xO)7 (13) 
X,(k, X0) = &n; f-l X(1, xn(~ - 11x0)). (14) 
In following paragraphs, we shall construct the information set for the observation prob- 
lem (4),(3),(9). 
4. CONSTRUCTION OF THE INFORMATION SET 
This paragraph demonstrates, how the reachability set transforms under the influence of map- 
pings (l)-(3) of superposition (4). We also investigate properties of the information set, consistent 
with available measurement. 
At the initial instant of time the information set and reachability set coincide with the set of 
initial conditions. The evolution of the reachability set after each of three mappings of superpo 
sition (4) is presented in Figure 1. 
Figure 1. 
Figure 2. 
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Figure 3. 
Figure 4. 
The reachability set after the first step is 
X(1,X0) = ([hl x P, 11) u ([;,;+a] x p’ll). (15) 
Now, if some measurement mi realizes, the information set, X,(1, X0) can be found by inter- 
secting the reachability set X( 1, X0) with the set of states consistent only with measurement mi: 
X mi=((2,Y)‘YE[mi-‘0,1,mi+0,1]) 
xWL(l,xO) =xTIIi nx(ljXO) = ([OYa] ’ [(m; -O,l) v”,(m; +O,l) A l]) 
“([;,;+cJ] x[(~;-o,~)vo,(~;+o.l)h4). 
(16) 
The information set X,( 1, X0) is represented in Figure 2. 
Similarly, we shall obtain the reachability set, 
X(2,&b(LXo)) = ( [o,u2] x [O, 11) u ([;>;+q x PA) u([;,;+c?] x [OJ]) 
u([;,;+q x p’ll) =~o([~,~+a~] x[O,l]) 
(17) 
and the information set, after the second step 
-L-&(2, X0) = xn, f-l -w,&nu, x0>> 
3 
u CL 
n=O ;, ; + 21 x [(ml - 0,l) v 0, (??I; + 0,l) A 11) . 
(18) = 
The information sets Xm(2,Xo) and X,(3,X ) 0 are represented correspondingly in Figures 3 
and 4. 
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For step Ic + 1, the reachability set and the information set are described as follows: 
p+1-1 
X(LXm(k,Xo)) = u ([& & +ak+l] x WI). 
n=O 
(19) 
For the information set 
X,(k + 1, X0) = xm;+l f-l X(1, Xm(h X0)) 
p+1-_1 
= u ([ 
n=O 
&, & + uk+l] x [(m;,, - 0,l) v 0, (m;,, + 0,l) A 11) . (20) 
The calculated information set is disconnected, so that at step k the number of disconnected 
components is 2”, and the total area of these is Sk 5 0,2(2~)~ and as a E [O; l/2] it follows that 
Sk ---) 0, at k --+ +co. (21) 
Thus, the information set of the observation problem (4),(8),(g) degenerates to the union of 
vertical segments. 
5. CONCLUSION 
For the observation problem (4),(8),(g), t i was demonstrated that the information set is dis- 
connected, and that the number of disconnected components is doubled with each step. Besides, 
the points close at the initial instant of time after a finite number of steps appear in different 
disconnected components of the information set. 
Thus, the information set is bounded, disconnected, and its total area decreases with each step. 
Moreover, one may observe that the original system (4),(g) in the absence of disturbances <k is 
observable (with k 2 2). Nevertheless, the nonlinearity of the system dynamics and the presence 
of the disturbances leads to the complication of the estimation process. 
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